We study quantum geometry of Nakajima quiver varieties of two different types -framed A-type quivers and ADHM quivers. While these spaces look completely different we find a surprising connection between equivariant K-theories thereof with a nontrivial match between their equivariant parameters. In particular, we demonstrate that quantum equivariant K-theory of An quiver varieties in a certain n → ∞ limit reproduces equivariant K-theory of the Hilbert scheme of points on C 2 . We analyze the correspondence from the point of view of enumerative geometry, representation theory and integrable systems. We also propose a conjecture which relates spectra of quantum multiplication operators in K-theory of the ADHM moduli spaces with the solution of the elliptic Ruijsenaars-Schneider model.
Recent study of geometry of symplectic resolutions [BMO11, MO, Oko1512, Okob, Okoa] and, in particular, Nakajima quiver varieties [Nak] , has uncovered a deep relationship between enumerative geometry, representation theory and integrable systems. Using the theory of quasimaps developed in [CFKM14] an explicit relation between quantum Ktheory of quiver varieties and quantum difference equations of Knizhnik-Zamolodchikovtype (qKZ) [FR92] was found [Oko1512, OS16] . Within this framework it was possible to understand the ring structure of K-theory of Nakajima varieties as Bethe algebras and explicit formulae for quantum multiplication [PSZ1612] as well as an explicit geometric interpretation by Aganagic and Okounkov of qKZ equations [AO] and their connection to integrable systems of Calogero-Ruijsenaars-Schneider type [KZ1802] . It was also demonstrated [KPSZ1705, KZ1802] that the foundational results by Givental and Lee [GL] in quantum K-theory of compact Kähler spaces, such as flag varieties, can be reproduced in this framework in the limit when the equivariant volume of cotangent fibers in the corresponding quiver variety vanishes. This limit also transforms the Ruijsenaars-Schneider model into the q-Toda chain.
In physics literature there was an independent breakthrough in understanding of the connection between integrable systems and quantum geometry. In seminal papers by Nekrasov and Shatashvili [NS09b, NS09c] an equivalence between the spaces of solutions of Bethe Ansatz equations for XXX (XXZ) spin chains and quantum cohomology (K-theory) of A-type quiver varieties was conjectured (later it was proven in [PSZ1612, KPSZ1705] ). In [GK13, BKK15] the so-called quantum/classical duality between XXZ spin chains and integrals of motion of the trigonometric Ruijsenaars-Schneider (tRS) model was formulated. This lead us to a clear understanding of quantum K-theory of the quiver varieties in question in terms of the tRS system [KPSZ1705] .
1.1. Goals of the Paper. A collection of vertices and oriented edges connecting them forms a quiver. A Nakajima quiver variety can be thought of as a cotangent bundle to spaces of representations of such quivers modulo the automorphisms of vertices. Currently in the literature two types of Nakajima quiver varieties attract a significant amount of interest -ADE-type quivers and their affine cousins, which are ubiquitous to many branches of mathematics (we shall focus solely on the A-type quivers), and Atiyah-Drinfeld-Hitchin-Manin (ADHM) quivers which arise in the study of moduli spaces of sheaves on surfaces Fig. 1 . These two types of quiver varieties are typically discussed independently and the goal of the current paper is to build a bridge between geometric properties of these spaces. Indeed, at first, these two quiver varieties look completely different -the former is A ntype quiver with n vertices, while the latter has only one framed vertex and a loop. Yet we claim that there is a nontrivial correspondence between equivariant K-theories of these varieties. In particular, we shall demonstrate (see Theorems 3.3 and 4.6) the equivalence between the following spaces
• T-equivariant K-theory of the moduli space of genus zero quasimaps to A n -type quiver X n shown on the left in Fig. 1 .
K T (QM(P 1 , X n )).
We shall work with w n−1 = n and v i = i for i = 1, . . . , n − 1; then X n is called the cotangent bundle to complete flag variety in C n . In the above T is the maximal torus of GL(n, C) × C × q × C × , where GL(w i , C) × C × acts as automorphisms of X n and C × scales the cotangent directions with weight , while C × q acts multiplicatively on the base curve. Geometrically M ADHM shown on the right of Fig. 1 describes the moduli space of torsion-free sheaves of rank N on C 2 , where V is a tautological bundle of rank l and W = C N is trivial bundle of rank N . We assume that l < n for all l. For N = 1 this moduli space coincides with the Hilbert scheme of l points on C 2 . The maximal torus C × q × C × acts naturaly on C 2 by dilations. Then we study the limit n → ∞ which will allow us to construct an embedding of the direct sum of Hilbert schemes of all points into X ∞ .
Under this duality we uncover a highly nontrivial identification of the equivariant parameters: in K-theory of A n quiver q was acting on the base curve, while on the ADHM side it is one of the equivariant parameters of C 2 , which is on equal footing with .
1.2. Motivation. Our construction is partly motivated by topological phase transitions and geometric engineering [GV] in string theory, as well as recent progress in understanding of quantum one-dimensional hydrodynamical models [KS16, KS18] in the context of supersymmetric gauge theories and quantum geometry. K. Costello performed somewhat similar analysis in the context of holography for M2 branes [Cos1705] .
The correspondence which we are studying in this work is based on the conifold transition which connects two different desingularizations of the conifold geometry:
• M-theory on deformed conifold T * S 3 with n M5 branes (six-dimensional objects) wrapping zero section S 3 and a three-manifold M 3 . • M-theory on resolved conifold O(−1) ⊕2 P 1 . The former construction, in the presence of certain defects as well as flux through one of the complimentary complex planes and after dimensional reduction, leads to gauge theory on S 1 ×C q whose quiver description is given on the left in figure Fig. 1 . The latter M-theory construction sources a five-dimensional gauge theory on S 1 × C q × C . The moduli space of instantons in this 5d theory is given by the ADHM quiver on the right of Fig. 1 (see [Nak1401] for details on instanton counting). The Gopakumar-Vafa topological transition occurs in the n → ∞ limit when the deformed conifold is replaced by the resolved conifold. In Section 5 of [KS16] the geometric transition which is relevant for this paper is illustrated using brane constructions of Hanany-Witten type.
In the present paper we shall examine this interesting duality from the point of view enumerative geometry, representations theory and integrable systems.
1.3. Structure of the Paper. In Section 2 we review the construction of quantum Ktheory of Nakajima quiver varieties with focus on K-theory of X n . We compute equivariant K-theoretic vertex functions for those spaces and prove in Theorem 2.6 that they serve as the eigenfunctions of tRS Hamiltonians which act by shifts on quantum parameters. Their eigenvalues are symmetric functions of equivariant parameters a 1 , . . . , a n of the maximal torus of the framing GL(w n−1 ).
Then we make a key observation that the vertex functions for the A n quiver, once properly normalized, at specific values of the equivariant parameters (2.25) truncate to symmetric Macdonald polynomials of quantum parameters of X n . We establish this fact using difference equations which both vertex functions and Macdonald polynomials satisfy.
Therefore we can make a one-to-one correspondence between K-theory vertex functions and Young tableaux which label the Macdonald polynomials. These polynomials also describe fixed points of the maximal torus of the equivariant K-theory of Hilbert schemes of points, which is reviewed in Section 3.
The symmetric Macdonald polynomials appear in modules of spherical double affine Hecke algebra (DAHA) for gl n . We prove that projective n → ∞ limit of these modules give rise to Fock modules of the elliptic Hall algebra, whose evaluation parameters are related to equivariant parameters of X n . Further in Section 3 we prove main Theorem 3.3 about embedding of the K-theory of Hilbert scheme of points into the K-theory of the moduli space of genus zero quasimaps to X n . We summarize the correspondence between K-theories of both spaces in Table 1 . In order to accommodate Hilbert schemes for an arbitrary large number of points we need to send the rank of the A-type quiver n to infinity.
Section 4 is devoted to a generalization of the construction which we developed in Section 3 to the moduli spaces of torsion-free sheaves of rank N . Theorem 4.6 directly generalizes Theorem 3.3. We demonstrate how the tensor product of Fock modules reduces to a MacMahon module once its evaluation parameters are specified to the resonance locus (4.20) and how to obtain these modules from K-theory of X ∞ .
Finally, in Section 5 we put forward a conjecture which relates operators of quantum multiplication in K-theory of the moduli spaces of framed parabolic sheaves on C 2 with the spectrum of the elliptic Ruijsenaars-Schneider (eRS) model. Under this correspondence, which generalizes an analogous statement in quantum cohomology [Neg1112] , the elliptic deformation parameter coincides with the quantum parameter in the equivariant K-theory of the moduli space. We use the corresponding ADHM quiver to describe the spectrum of the multiplication operator (see Conjecture 5.3).
A-type Quiver Varieties and Macdonald polynomials
Let us first review the construction of quantum equivariant K-theory of Nakajima quiver varieties. Details can be found in [Nak, Neg] . Then we shall discuss in detail the vertex functions specified for quivers of type A.
2.1. Quiver Varieties. Let us start with a framed quiver with set of vertices denoted by I. A representation of such quiver is given by a set of vector spaces V i corresponding to internal vertices and W i for the framing vertices, together with a set of morphisms between these vertices. Let Rep(v, w) be the linear space of quiver representation with dimension vectors v and w,
, be the moment map and let L(v, w) = µ −1 (0) be the zero locus of the moment map. Fig. 1 provides an example of two framed quiver varieties.
The Nakajima variety X corresponding to a quiver is an algebraic symplectic reduction
depending on a certain choice of stability parameter θ ∈ Z I . [Gin] . Group
acts as automorphisms of X, coming form its action on the space of representations Rep(v, w) of the quiver. Here Q ij is the incidence matrix of the quiver, C scales cotangent directions with weight and their symplectic form with weight −1 . We denote by T = T(G) the maximal torus of G. For given X one can define a set of tautological bundles on it V i , W i , i ∈ I as bundles constructed by assigning to each point the corresponding vector spaces V and W . Bundles W i are topologically trivial. Tensorial polynomials of these bundles and their duals generate K-theory ring K T (X) according to Kirwan surjectivity conjecture, which is recently shown to be true on the level of cohomology [MN] .
2.2. Quasimaps to Nakajima Quiver Varieties. First let us recall the basics of the quasimap theory to quiver varieties (see [KPSZ1705] for more details and references).
Is a collection of vector bundles V i on C of ranks v i together with a section of the bundle
so that W i are trivial bundles of rank w i and µ is the moment map. Here is a trivial line bundle with weight introduced to have the action of T on the space of quasimaps. The degree of a quasimap is a the vector of degrees of bundles V i .
The moduli space QM d parameterizes degree d quasimaps up to an isomorphism which is required to be identity on the curve C as well as multiplicity Q ij and framing W i bundles. It is however allowed to vary the section f and bundles V i .
The value of a quasimap defines an evaluation map to a quotient stack
where p ∈ C. The quotient stack contains X as an open subset corresponding to locus of semistable points
relative p is a resolution of ev p (or compactification), meaning we have the following commutative diagram:
with a proper evaluation map ev p from QM d relative p to X. The construction of this resolution and the moduli space of relative quasimaps is explained in [Oko1512] (see Section 6.5). One needs to allow base curve C to change in cases, when the relative point becomes singular. When this happens we replace the relative point by a chain of non-rigid projective lines, such that the endpoint and all the nodes are not singular. Similarly, for nodal curves, we do not allow the singularity to be in the node, and if that happens we instead paste in a chain of non-rigid projective lines.
2.3. Quantum K-theory. The quasimap moduli spaces have a natural action of maximal torus, lifting its action from X. When there are at most two special points and the base curve C is P 1 we extend T by additional torus C × q , which scales P 1 such that the tangent space T 0 P 1 has character denoted by q. We shall include this action in the full torus by T = T × C × q . We assume that the two fixed points of C × q are p 1 = 0 and p 2 = ∞. As explained in [Oko1512] one can construct various enumerative invariants of X using virtual structure sheaves O vir for QM d . Using the above two marked points one can define a vertex function.
Definition 2.2. The element
is called bare vertex with descendent τ ∈ K T (X).
The vertex function is an element of localized quantum K-theory of X. For the rest of this section we shall focus on A-type quiver varieties.
2.4. Vertex Functions for T * Fl n . The cotangent bundle to the complete flag variety X n is given by A-type quiver from Fig. 1 with v i = i, i = 1, . . . , n − 1 and w n−1 = n. The details of the calculation can be found in [KPSZ1705] , here we merely present the answer.
To describe the expression for the vertex one needs to take into account the fixed points of QM d nonsing p 2 . Each such point is described by the data
. For a stable quasimap with such data to exist the collection of d i,j ≥ 0 must satisfy the following condition that for each i = 1, . . . , n − 2 there should exist a subset in {d i+1,1 , .
In the following we will denote the chamber containing such collections {d i,j } as C.
a n } be a chain of subsets defining a torus fixed point p ∈ X T n . Then the coefficient of the vertex function with descendent τ ∈ K T (X n ) for this point is given by:
Here
The coefficients of the vertex functions are (generalizations of) q-hypergeometric functions. For our purposes it will be more convenient to use the following parameterization for the quantum parameters in K T (X n ) 1
Corollary 2.4. For X as above the vertex function coefficient for the identity class τ = 1 reads (2.10)
where we define x n,k = a k and t = q .
Vertex functions V (τ ) can be regarded as classes in equivariant K-theory of the moduli space of quasimaps which we shall denote (2.11) H n := K T (QM(P 1 , X n )) for extended maximal torus T. Now we shall demonstrate that coefficient functions of K-theory vertices obey Macdonald difference equations.
2.5. Macdonald Difference Operators. It was also proven in [KZ1802] that K-theoretic vertex functions of cotangent bundles to flag varieties satisfy tRS difference equations in equivariant parameters. In this paper we shall need the 'mirror' (or symplectic dual) version of that theorem which states that properly normalized vertex functions also obey tRS difference equations in quantum parameters ζ 1 , . . . , ζ n . First let us introduce the difference operators.
Definition 2.5. The difference operators of trigonometric Ruijsenaars-Schneider model are given by
where ζ = {ζ 1 , . . . , ζ n }, the shift operator p k f (ζ k ) = f (qζ k ).
Now we shall prove that the K-theory vertex function after normalization is the eigenfunction of the tRS difference operators.
Theorem 2.6. Let V (1) p be the coefficient for the vertex function for X given in (2.10). Define
where θ(x, q) = (x, q) ∞ (qx −1 , q) ∞ is basic theta-function. Then V p are eigenfunctions for tRS difference operators (2.12) for all fixed points p
where e r is elementary symmetric polynomial of degree r of a 1 , . . . , a n .
In order to understand the proof we shall use the integral formula for the vertex function. Using Theorem 4.8 from [KZ1802] we can write vertex (2.10) as follows (2.15)
where contour C p surrounds poles corresponding to the fixed point p of the maximal torus of X n and the functions in the integrand are given by (1 − q i x) .
Proof of Theorem 2.6. By acting with the tRS operators on the vertex function in the integral form (2.15) we get
where on the right we have a vertex function with descendant class T r which is defined as follows (see [KPSZ1705] ). The tRS momenta p i correspond to multiplication by class
where V i is the i-th tautological bundle over X n , and are given by the following ratio of products of the corresponding Chern roots.
(2.20) p i = s i+1,1 · · · · · s i+1,i+1 s i,1 · · · · · s i,i , i = 1, . . . , n − 1 .
Using this fact and the definition of tRS operators (2.12) we can define new quantum classes V (Tr) p for r = 1, . . . , n. We can refer to them as tRS classes. In [KPSZ1705] it was proven that the eigenvalues of the multiplication operator by a quantum class τ in quantum K-theory of X n is given by τ (s), where Chern roots s of the corresponding virtual bundle solve the XXZ Bethe Ansatz equations for X n with s playing the role of Bethe roots. It was also proven in loc. cit. that these Bethe equations are equivalent to classical tRS equations T r ( ζ) = e r (a).
If we use saddle point analysis to study the right hand side of (2.19) we can then replace T r in the integrand by its eigenvalue, which leads us to (2.21) V (Tr) p = e r (a)V
(1) p + . . . , however, in general there are subleading corrections in log q in the ellipses. We claim that these corrections are absent 2 . In other words the theorem can be reformulated by stating that tRS classes are proportional to the trivial class in quantum K-theory of X n . From the integral formulae we immediately see that for top T n class V (Tn) p = e n (a)V
(1) p . The proof for other T r 's can be carried out with the help of contour integral identities which arise from shifting of the integration contour. An example of this calculation is give in Appendix A.
2.6. Macdonald Polynomials. It is well known that Macdonald polynomials (see [Mac95] for review) are also eigenfunctions of tRS difference operators (Macdonald operators) (2.14). Indeed, for a given Young tableau λ whose columns we denote by λ i , i = 1, . . . , n, we can construct symmetric Macdonald polynomials of n variables P λ ( ζ; q, ). We will always assume that λ has n columns, if necessary we shall complete the diagram with empty columns.
In particular, we have
We shall demonstrate momentarily that P λ ( ζ; q, ) can be obtained from infinite series (2.13) by specifying equivariant parameters a 1 , . . . , a n which take values in a discrete lattice spanned by q and .
Proposition 2.7. Consider coefficient functions for K-theory of QM to X n (2.13) for all fixed points of the maximal torus. Let λ be a partition of k elements of length n and λ 1 ≥ · · · ≥ λ n . Let
Then there exists a fixed point q for which
Proof. Macdonald polynomials (independent on their normalization) satisfy difference equations of the form (2.14). By plugging (2.23) into the formula for the coefficient of the vertex function (2.10) we observe that the series in ζ i truncate at orders λ i thereby turning it into a polynomial for some fixed point q. This polynomial is unique up to normalization and for other fixed points there will be no complete truncation of all the series.
We can also rewrite (2.23) as
where a ∈ C × is an arbitrary parameter, which later will be interpreted as an evaluation parameter for a Fock module, and λ i = i j=1 n−j+1 . Note also that our normalization of Macdonald polynomials is slightly different from [Mac95] . Remark. Note that out n! fixed points of T acting on X n only for single point q we get a polynomial out of V q . Other coefficient functions V p remain infinite series which we shall further ignore. One can verify by examining (2.25) that in the n → ∞ limit these coefficient functions will be suppressed. A choice of fixed point q following the large-n limits corresponds to zooming into a certain asymptotic region in which |a S(1) | |a S(2) | · · · |a S(n) |, where S ∈ S n is a permutation corresponding to the choice of fixed point q. Figure 2 . Asymptotic regions of the space of GL(n) equivariant parameters. In the n → ∞ limit, provided that (2.25) holds, we approach the given fixed point.
Remark. The above theorem has an interesting interpretation from the point of view of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae like (2.10), which are closed cousins of Givental J-functions, serve as generating functions of the equivariant gravitational descendants of X n . Due to (2.25) the q-hypergeometrictype series truncate to polynomials thereby implying that these equivariant gravitational descendants vanish identically starting from some order in ζ i 's. The parameters of the problem get adjusted in such a way that the equivariant volume of the moduli spaces of quasimaps of degrees (d 1 , . . . , d n−1 ) which exceed (λ 1 , . . . , λ n−1 ) become zero. 3 .
Example. Let us look at the simplest example X 2 = T * P 1 . The corresponding vertex function is given by the q-hypergeometric function
Here a1 = a 2 and a2 = a 1 . One can easily see that Weyl reflection of sl 2 interchanges V
(1) 1 and V
(1)
2 . Then we have
3 I thank A. Okounkov and S. Katz for interesting discussion on these matters.
The condition (2.23) reads a 1 = aq λ 1 −1 , a 2 = aq λ 2 . Then we have the following Macdonald polynomials for some simple tableaux.
Here the Young tableaux at the subscripts have their heights equal to λ 2 . Without loss of generality we can assume λ n = 0 for all formulae. In other words, for T * P 1 the corresponding Macdonald polynomials depend only on one integer parameter (so-called Roger polynomials 4 ). Otherwise the resulting polynomial will simply be a product of the corresponding Macdonald polynomial and a simple factor depending on λ n . For instance
Thus we have shown that classes (2.13) of equivariant K-theory of the moduli space of quasimaps from P 1 to T * Fl n upon specification of equivariant parameters of the maximal torus of gl n according to (2.25) reduce to symmetric Macdonald polynomials of n variables. It is well known in the literature that Macdonald polynomials appear in K-theory of Hilbert scheme of points on C 2 . Our goal in the next section is to provide a precise relationship between K-theories of these two types of Nakajima quiver varieties.
2.7. Geometric Meaning of the tRS Model. Macdonald operators T 1 , . . . , T n (2.12) form a maximal commuting subalgebra in spherical double affine Hecke algebra (DAHA) for gl n [Che95, Che05] which we shall call A n here for short. It was shown by Oblomkov [Oblb, Obla] that this algebra arises as deformation quantization of the moduli space of GL(n, C) flat connections on a single-punctured torus M flat (GL(n, C), T 2 \{pt}) 5 (also known as the Calogero-Moser space). Parameter q is identified with the quantization parameter and is the sole distinct eigenvalue of the GL(n, C) monodromy matrix. Most of work in the literature is done on full DAHA, whereas here we are interested in its spherical part 6 . Let us first describe the geometry behind the tRS integrable system.
The classical limit q → 1 of tRS equations (2.14) has a direct interpretation in terms of the moduli space M flat (GL(n, C), T 2 \{pt}), which is identified with the phase space of the tRS model. This space can be described by the holonomy matrices A and B around the two cycles of the torus, which obey the fundamental group relation of the punctured torus (2.30)
where C = diag( , . . . , , 1−n ) is the holonomy matrix around the puncture. The above flatness condition can be solved [GK13] in terms of Fenchel-Nielsen coordinates (ζ i , p i ), i = 1, . . . , n on the moduli space, and in the basis where matrix A = diag(a 1 , . . . , a n ) is diagonal, Casimir invariants of B reproduce the tRS Hamiltonians (2.12)
while the Casimirs of A are merely the symmetric functions for the equivariant parameters. The equality between the left and right hand sides of (2.14) is the consequence of the SL(2, Z) symmetry of M flat (GL(n, C), T 2 \{pt}). Under the S transformation of SL(2, Z) holonomies A and B get interchanged. One can immediately see that the defining equation (2.30) transforms into itself if in addition we invert matrix C. In order to establish (2.14) one needs to consider the following space M L × M R which is a Cartesian product of two copies of the moduli space of flat connections, with local coordinates (ζ i , p i , ) and (a i , p ! i , −1 ) respectively. Proposition 2.8. Consider the product of two tRS phase spaces M L × M R as described above which is equipped with the following symplectic form
Let L a be a Lagrangian submanifold in M L ×M R which is given by specifying the eigenvalues of matrix A in (2.30). Then this Lagrangian is defined by the tRS equations of motion (2.14) and symplectic form Ω L,R vanishes on L a .
We refer the reader to [BKK15] , Sec. 2.2, for more details. There is also a symplectic dual version of this proposition for Lagrangian L ζ ⊂ M L × M R which is described by specifying the eigenvalues of B. This leads to the dual tRS model, in which where Hamiltonians act on the equivariant parameters and the their eigenvalues are symmetric functions of quantum parameters [KZ1802] .
Quantization of the tRS integrable system is the achieved by imposing ζ i p j = q δ ij p j ζ i .
2.8. Spherical DAHA and Elliptic Hall Algebra. For the purposes of this work we will not need complete description of DAHA, nevertheless let us briefly describe its structure. Full (non-spherical) gl n DAHA is a C(q, ) associative algebra which is formed by combining two copies of affine Hecke algebras {t i , X i } and {t i , Y i }, i = 1, . . . , n modulo certain relations (see [Che95] for review). Here t i are elements of gl n Hecke algebra which obey braid group relations. Spherical subalgebra is obtained by conjugating all elements of DAHA by the total idempotent S. It can be shown [Che05, SV0802] that for l > 0 (2.33)
In particular, the tRS operators T r are symmetric functions of Y i generators of DAHA
(2.34) T r = e r (Y 1 , . . . , Y n ) .
Geometrically, in terms of K-theory of X n , we can define classes V (Y i ) p whose symmetrization yields tRS classes (2.19).
In the above formula Z n 0,l represent Macdonald operators T l (2.12), Z n ±l,0 are multiplication operators by a symmetric polynomial of n variables of degree l. Elements Z n 0,−l can be diagonalized in the basis of Macdonald polynomials and their eigenvalues can be readily computed [Che05] .
Let us define (2.35) Λ n := Q(q, )[ζ 1 , . . . , ζ n ] Sn to be the space symmetric polynomials over Q(q, ) of n-variables. Algebra A n acts on the space of symmetric Macdonald polynomials P λ ∈ Λ n . Macdonald operators Z n 0,l act on polynomials P λ by multiplication by symmetric polynomial of equivariant parameters s l (a 1 , . . . , a n ) evaluated at locus (2.25). Coefficient vertex functions (2.10) evaluated at (2.25) therefore can be treated as highest weight vectors for A n modules over Λ n . Unless we further specify the values of q and these modules, which we shall refer to as M n , are infinite-dimensional and contain Macdonald polynomials parameterized by Young tableaux λ = {λ 1 , . . . , λ n } with n columns. Proper combinations of generators (2.33) of A n will act on the states in the highest weight module by adding to or removing boxes from tableau λ thereby producing a different Macdonald polynomial. The corresponding explicit formulae have only been worked out for A n of lower ranks [KN, SV] .
In a parallel development Varagnolo and Vasserot [VV0911] studied the action of A n on K-theory of affine flag varieties. We expect to find a direct correspondence between their results and our approach.
For certain values of q and modules M n may become reducible and develop proper submodules. The submodule and the corresponding finite-dimensional factor module together with M n form a short exact sequence. Representation theory of A n , as well as DAHA itself are rather involved and at the present moment not fully understood even for algebras of low rank. We may expect some simplifications while working with the spherical subalgebra due to S n invariance. However, already for sl 2 spherical DAHA, classification of finite-dimensional representations is extremely nontrivial [KGNS] .
In the current work we will be interested in the limit n → ∞ of algebra A n and its modules. Such stable limit of DAHA is known in the literature and goes by different names -elliptic Hall algebra, Ding-Iohara-Miki algebra, Drinfeld double of shuffle algebra, quantum toroidal algebra U t 1 ,t 2 (ĝl 1 ) (see [Neg1209] for references therein and for a sideby-side comparison). We denote this algebra by E. Thanks to the recent progress we have a fair understanding of the representation theory of E including its various modules -Fock and MacMahon modules. In [SV0905] it was shown that there is a surjective algebra homomorphism E → A n . In this paper we shall provide a map between modules of these algebras.
2.9. Highest weight modules of A n . Consider the highest weight module
where (λ) is the number of columns of tableau λ in more detail. If λ has k boxes and k < n then we assume the remaining columns to be empty {λ 1 , . . . , λ (λ) , 0, . . . , 0}. The module has a natural grading by the number of boxes |λ| = k (2.37) M n = k M k n .
By construction when k ≤ n the component M k n will contain P λ 's for all possible young tableau of k boxes, whereas for k > n this component will only contain some fraction of polynomials. The raising and lowering operators of A n act as follows
by adding and removing boxes to/from λ at location (i, j). While currently we do not have explicit formulae for these operators, but their existence can be inferred from Theorem 3.1.
2.10. Power-Symmetric Basis. In order to find the connection with the K-theory of Hilbert schemes of points we need to make a change of variables in Macdonald polynomials P λ ( ζ; q, ) as follows
Once this power-symmetric change of variables is implemented polynomials P λ only depend on the number of boxes of tableau λ -k do not explicitly depend on n.
Hilbert Scheme of Points on C 2
Macdonald polynomials can be identified with classes of fixed points in equivariant Ktheory of Hilbert scheme of points on a plane. Hilb n (C 2 ), where n is the number of points, is defined as a space of ideals J in C[x, y] of colength n (3.1) dim C C[x, y]/J = n .
We work equivariantly with respect to the maximal torus (C × ) 2 of C 2 with weights q and acting as (q, )p(x, y) = p(qx, y). It is known that the ideals of finite codimention which are fixed under the action of this torus are in one-to-one correspondence with partitions λ of n. Such ideals are generated by monomials {x λ 1 , x λ 2 y, . . . , x λm y m , y m+1 } where m is the number of columns in tableau λ.
The localized equivariant K-theory of Hilb n can be identified [BKR, Hai] with the space of polynomials
Classes of fixed points [J] of (C × ) 2 parameterized by λ provide a canonical basis in the K-theory. They coincide with Macdonald polynomials of variables x 1 , . . . , x n (2.39).
3.1. Elliptic Hall Algebra E. Following [SV0802, SV0905] algebra E is generated by elements Z n,m , n, m ∈ Z modulo certain relations which we shall not specify here. These generators can be conveniently positioned in integral lattice Z 2 of the coordinate plane where (n, m) will be their x and y-coordinates. By normalization Z 0,0 = 1 is the identity operator. The commutation relations of E suggest that the entire algebra can be generated by four elements Z 0,±1 , Z ±1,0 . In the given normalization generators on the horizontal axis Z n,0 are multiplications by x n , whereas generators on the vertical axis Z 0,l for l > 0 are Macdonald operators written in x-basis. In (2.33) we have already used these generators to construct A n . It is known [BS] that E acts faithfully on K q, (Hilb n ). This following theorem by Schiffmann and Vasserot enabled the authors to construct (more or less by definition) E as a stable limit of spherical DAHA A ∞ .
Theorem 3.1 ([SV0802]
). There is an explicit surjective algebra homomorphism
Using this theorem we can study the connection between modules of A n and E.
Fock Modules of Elliptic Hall
Algebra. Generators Z m,n for which m n = s ∈ Q form a subalgebra of E which can be described as q, -deformed Heisenberg algebra with commutation relations
where a n , n ∈ Z are the corresponding generators of E which lie on slope s [BS] . The entire Z 2 plane parameterizes by Z m,n can be sliced by lines with all possible rational slopes passing through the origin. Each slope represents itself a Heisenberg algebra. Here we are using slightly different normalization of generators. This normalization is more appropriate in Ding-Iohara algebra which, as we have already mentioned, is isomorphic to E. Given the above Heisenberg algebra we can study its Fock space representation F (a) which is constructed in the standard way.
Proposition 3.2. Let M n be a highest weight module of A n . Then its projective limit n → ∞ is isomorphic to the Fock module F (a) of E with evaluation parameter a (2.25).
Proof. We can map Macdonald polynomials to states in the Fock space representation of the q, -Heisenberg algebra by claiming that
where a l obey (3.4). For a partition of size k and length n we can define x λ = x λ 1 · · · x (λ) and theh correspondingly state in the Fock module F of E as a −λ 1 · · · a − (λ) . Now define a homomorphism ρ n+1 n : Λ n+1 → Λ n as (3.6) (ρ n+1 n f )(ζ 1 , . . . , ζ n ) = f (ζ 1 , . . . , ζ n , 0)
for f ∈ Λ n+1 . The following projective limit (3.7) Λ := lim ←n Λ n defines a ring of symmetric functions which is the Fock module of E, where {x λ } form a basis. Indeed, it can be shown that the inner product on Λ defined as
where n λ (a) = #{i|λ i = a} which arises from orthogonality of the Macdonald polynomials is in one-to-one correspondence with the following Fock paring
The evaluation parameter of the Fock module will be discussed later in Proposition 3.5.
More details can be found in multiple sources including [ST11, Sai13a, Sai13b]. Finally we can relate the K-theory of Hilbert scheme of points on C 2 with the K-theory of the moduli spaces of quasimaps to X n (2.11).
Theorem 3.3. For n > k there is the following embedding of Hilbert spaces k l=0 K q, (Hilb l (C 2 )) → H n (3.11)
for K-theory vertex function for some fixed point q of maximal torus T . The statement also holds in the limit n → ∞
where H ∞ is defined as a stable limit of H n as n → ∞.
Proof. The above maps are constructed by assigning Macdonald polynomials corresponding to fixed points [λ] to Macdonald polynomials which are obtained from coefficient vertex functions truncated due to condition (2.25). Since, according to Proposition 2.7, there is only one coefficient function V q for which the truncation occurs, this defines a map from
K q, (Hilb l (C 2 )) to the vertex function for trivial tautological class in X n . From Proposition 3.2 it follows that inner product is preserved under the embeddings (4.22,4.23), thus they represent isometries of the corresponding Hilbert spaces.
For future reference we shall denote M 1 = ∞ l=0 K q, (Hilb l (C 2 )) for rank-one sheaves on P 2 with framing at P 1 ∞ . In the next section we shall consider moduli spaces M N of rank-N sheaves. 
where W is a constant bundle of degree 1, in equivariant K-theory K q, (Hilb n ) is given by
where s 1 , . . . s k are in one-to-one correspondence with the content of tableau λ of size k corresponding to class [J] and are given by
for i, j ranging through the arm lengths and leg lengths of λ. In (3.14) a ∈ C × is the character of T W .
We shall now reproduce formula (3.14) from the eigenvalues of tRS operators at locus (2.25) as well as make a more detailed connection between (3.2) and K-theory of quasimaps into X from before.
Proposition 3.5. The eigenvalues of the n-particle tRS model e r in (2.14) and the eigenvalues of multiplication by bundle Λ r U over Hilb n (3.14) are in one-to-one correspondence. In particular, for r = 1 (3.16) E 1 (λ) = a n + n−1 (1 − )e 1 .
Proof. We get
The eigenvalue of the first tRS Hamiltonian reads
Combining the last two formulae we get (3.16).
Analogously we can prove the correspondence between the eigenvalues of higher Hamiltonians e r and E r (λ) (see [FHH + 0904] for details).
Since Proposition 3.5 works for any finite n we can study the limit n → ∞. The following statement follows directly from the above formulae Proposition 3.6. Assuming that | | < 1 we have
As e r are eigenvalues of Macdonald operators which are used in the the construction of modules M n of A n we conclude that character a plays a role of the evaluation parameter in the Fock module of E in Proposition 3.2.
Example. Let us illustrate Proposition 3.6 for k = 2. There are two possible Young tableaux with two boxes. Assuming a = 1 we get • λ = . For some large n > 2 we view as tableau with n columns: (1, 1, 0, . . . , 0). Then the eigenvalue for tRS operator T 1 is given by the sum of equivariant parameters at locus (2.25) (3.20) e 1 = q 2 1−n + 2−n + · · · + + 1 .
Using (3.19) and talking n → ∞ we get E 1 = q 2 + − q . • λ = . Analogously we have tableau with n columns most of which are zeroes (2, 0, . . . , 0). tRS eigenvalue e 1 = q 1−n +q 2−n + 3−n +· · ·+1 and E 1 = q+ −q 2 .
Remark. We have proved that the eigenvalue of the multiplication operator by the r-th power of the universal bundle over Hilb k can be evaluated as a stable limit of the eigenvalue of Macdonald operator T r (2.12). This statement illustrates recently demonstrated correspondence between spectrum of the tRS model with large number of particles and hydrodynamical Benjamin-Ono model [KS18] .
3.4. The Correspondence. We can summarize the correspondence between geometry of quiver varieties and Hilbert schemes of points in the following table where we already assume the stable limit in n.
K T (QM(P 1 , X)) K q, (Hilb(C 2 )) Kähler/quantum parameters of X z 1 , z 2 . . .
Ring generators x 1 , x 2 , . . . Vertex function V q at locus (2.25)
Classes of (C × ) 2 fixed points [J]
C × q acting on base curve C × q acting on C ⊂ C 2 C × acting on cotangent fibers of X C × acting on another C ⊂ C 2 Eigenvalues e r of tRS operators T r
Chern polynomials E r of Λ r U Table 1 . The correspondence between K-theories of quasimaps to X n and Hilb.
Another way to formulate the duality is the following. The quantum K-theory of X (which is by construction K T (QM(P 1 , X))) is related to classical equivariant K-theory of the Hilbert scheme of points in C 2 . A natural question arises: what needs to be modified in the left column of the above table to obtain quantum version of the space on the right? The answer will be formulated later in Sec. 5 3.5. Remarks. Notice that in the left column of Tab. 1 equivariant parameters q and play completely different roles -the former scales the base curve, while the latter corresponds to C × action on the cotangent directions of X n . In the right column they are on completely equal footing and can be interchanged.
The above duality works only when equivariant parameters a 1 , a 2 , . . . , a n in X n obey (2.25). It was discussed in the literature on integrable systems and gauge theories [NS09a] and more recently in [Sci1606] that locus (2.25) should be interpreted as a set of quantization conditions which allow for discrete spectrum of the tRS model. Thus, due to the above duality, we can observe a symmetry in the tRS spectrum which interchanges (exponential of) Planck constant q with coupling constant of the tRS model.
Moduli Space of Sheaves of Rank N on C 2
Let M N denote the moduli space of rank N of torsion free sheaves F of rank N on P 2 with framing at infinity: φ : F| ∞ O ⊕N ∞ . The framing condition forces the first Chern class to vanish, however, the second Chern class can range over the non-positive integers c 2 (F) = −k · [pt]. Therefore the moduli space can be represented as a direct sum of disconnected components of all degrees (4.1)
More details can be found in multiple sources, i.e [FT0904, Neg1209] .
There is an action of maximal torus T N := C × q × C × × T(GL(N )) on each component M N,k . The first two C × factors act on P 2 , while the rest acts on framing φ with equivariant parameters a 1 , . . . a N . We shall be studying T N -equivariant K-theory of M N,k which is formed by virtual equivariant vector bundles on M N,k . The space K q, (M N,k ) is a module over C[q ±1 , ±1 , a ±1 1 , . . . a ±1 N ]. T N -fixed points are isolated and indexed by N -tuples of partitions λ = {λ 1 , . . . , λ N } with the sum of sizes of all partitions N l=1 |λ l | = k (4.2)
Here J λ l are monoidal ideals in C[x, y] same as in Hilb k (3.1). Analogously to Hilb k , equivariant classes [ λ], which can be thought of skyscraper sheaves of F λ , form a basis in localized K-theory of M N,k . The space M N can also be described as the moduli spaces of stable representations of ADHM quiver. For N = 1 this quiver variety describes Hilbert schemes of k points on C 2 . The two descriptions in terms of sheaves and the ADHM are equivalent [Nak1401] . 4.1. Asymptotic partitions. We shall modify the techniques of the previous section which studied Hilb k to study K-theory of M N . The main idea was developed in physics paper by the author and A. Sciarappa [KS16] , here we shall make all the statements mathematically precise.
The starting point is the moduli space of quasimaps to cotangent bundle to complete flag variety in C nN (4.3)
where parameter n will later be sent to infinity. The main idea is to study the above space at a locus similar to (2.25) with the following modification. An element in K q, (M N,k ) is parameterized by a tuple of tableaux {λ 1 , . . . , λ N } such that the total number of boxes N l=1 |λ l | = k. Let a 1 , . . . , a nN be equivariant parameters of the maximal torus of GL(nN ) acting on the framing node w nN of the quiver. Then the sought connection between H nN and the moduli space of sheaves of rank N is achieved by, first, splitting the equivariant parameters into N groups {a (l) i }, i = 1, . . . , n, l = 1, . . . , N and, second, setting their values to the following
for some generic C × -valued constants a l . Equivalently and Young tableau Λ is shown in Fig. 3 and is constructed as follows [SV0905] 7 . We define (4.7) Λ = λ 1 . . . λ N by placing each of tableaux λ l , l = 1, . . . , N into corners of a 'staircase' tableau with step size equal to n. We always assume that n is parametrically larger than k, so the number of columns as well as heights of columns of any λ l is always smaller than n. Asymptotic partitions Λ describe equivariant K-theory classes of fixed points and, similarly to the previous section, provide a basis in the K-theory of M N,k . Therefore module M nN decomposes in the tensor product of N modules (2.36) (4.10) M nN = M n ⊗ · · · ⊗ M n .
Highest weight modules of
Combining this observation with Proposition 3.2 we arrive to Proposition 4.1. Let M nN be a highest weight module of A nN . Then its projective limit n → ∞ is isomorphic to the tensor product of N modules with evaluation parameters a 1 , . . . , a N (4.11)
Thus states in the highest weight module M nN can be matched to vectors in the tensor Fock module and the generalized Macdonald polynomials are mapped onto ideals (4.2) in the K-ring of M N .
Matching Spectra of Macdonald Operators.
Analogously with the Hilbert scheme on C 2 we can study K-theory of M N,k , which is generated by the classes of fixed points [ λ] of maximal torus T N .
Lemma 4.2. The eigenvalues of the operator of multiplication by the r-th skew-power of the universal bundle (4.12)
where W is a constant bundle of degree N and tautological bundle V | J λ arise from the universal quotient sheaf on M N,k × C 2 in K-theory of M N,k is given by Proof. Let us put r = 1 in (4.13). Then we get (4.16)
The eigenvalue of the first tRS Hamiltonian evaluated at (4.4) reads (4.17)
Combining the last two formulae we get (4.18).
We can directly obtain the following statement which coincides with Proposition 3.6 up to replacement of λ with Λ. We leave to the reader the proof for of this proposition for higher Hamiltonians T r .
MacMahon
Modules of E. It was shown in [FFJ + 1002, FJMM1204] (see also [Zen1712] ) that once certain conditions, called resonances, are met on the evaluation parameters a 1 , . . . , a N one can find a one-to-one correspondence between the tensor product module T N (4.11) and MacMahon module M of E. Let us discuss this embedding from the point of view of Proposition 4.1.
Starting from (4.4) we additionally impose
where a ∈ C × is an overall scaling parameter, to get
such that t 1 t 2 t 3 = 1. We can see that (4.20) provides the data for the content of plane partition Π which is obtained from the data of integer partition Λ from Fig. 3 . This leads us to the following Proposition 4.5. Let M nN be a highest weight module of A n whose weights are subject to resonance condition (4.20). Then its projective limit n → ∞ is isomorphic to MacMahon module M(a) of E.
It was then argued in [Zen1712] that eigenvalues of Cartan generators of E are given by triple Macdonald polynomials, which can be obtained from generalized Macdonald polynomials (4.8) after imposing resonance conditions (4.20). This eigenvalue problem has a natural interpretation in terms of the ADHM construction. 4.5. The Correspondence. Analogously to Theorem 3.3 we can formulate the following theorem for the moduli spaces of rank-N sheaves.
Theorem 4.6. For nN > k there is the following embedding of Hilbert spaces
where H ∞ is defined as a stable limit of H nN as n → ∞.
Quantum Multiplication in K T (M N )
In previous two sections we have demonstrated (see Propositions 3.5 and 4.3) that spectra of the trigonometric Ruijsenaars-Schneider Hamiltonians are in one-to-one correspondence with classical multiplication by universal bundles in the equivariant K-theory of the ADHM moduli space. The correspondence is summarized in Tab. 1. We shall now discuss quantum deformation of the ADHM moduli space in connection with elliptic Ruijsenaars-Schneider (eRS) integrable system with large number of particles. Some of the material in this section will be speculative as the corresponding mathematical tools have not yet been fully developed yet. We hope to gain a substantial understanding of these methods in the near future.
This section is also motivated in part by the correspondence between quantum geometry of M N and Donaldson-Thomas/Gromov-Witten theory on P 1 × C 2 (see [OPb, OPa] as well as [MOOP0809,MO0802a,MO0802b] for generalizations). To the best of our knowledge, all results are obtained in cohomology. One can identify the quantum multiplication operator in H • (Hilb) with the the elliptic Calogero-Moser Hamiltonians written in Fock representation. The quantum multiplication operator has an expansion in terms of curve counting parameter, let us call it p, which acts with C × rescalings on the base curve. This expansion was shown to match the expansion of the Weierstrass P(x i − x j |p) function, which serves as potential in the Calogero-Moser model, in the elliptic parameter [OPb].
In seminal paper [Neg1112] (see also [Bra,BE,BFS1206] ) the elliptic Calogero-Moser system was understood both from the viewpoints of both representation theory and algebraicgeometry. The eigenfunctions of its Hamiltonians were proven to be equivariant integrals of certain characteristic classes over the affine Laumon spaces. Recently Nekrasov showed [Nek1711a, Nek1711b] that a similar equivariant integral with full maximal torus 8 solves the corresponding non-stationary Schrödinger equation.
Once the elliptic Calogero-Moser system is downgraded to the trigonometric one the results of loc. cit. apply after reducing affine Laumon space L aff d to the its finite version L d . Here vector d = (d 1 , . . . d s ) shows degrees of parabolic sheaves which are used in the construction of the Laumon space. For the purposes of our presentation the number of components in d will always be equal to the rank of gauge group of the supersymmetric theory which is used in the construction. In physics language the spectrum of the elliptic Calogero-Moser model is described by instanton counting in N = 2 * gauge theory in the presence of a monodromy defect of maximal Levi type [AT10, Naw14] .
The sought generalization of the above results to quantum K-theory should be formulated in terms of the relativistic generalization of the Calogero-Moser system -the elliptic Ruijsenaars-Schneider (eRS) model. Physically we will be studying five-dimensional N = 1 * gauge theory with defect of maximal Levi type [BKK15, KS18] . functions with elliptic theta-functions of the first kind (5.1) E r ( ζ) = I⊂{1,...,n} |I|=r i∈I j / ∈I
where p ∈ C × is the new parameter which characterizes the elliptic deformation away from the trigonometric locus, where p = 1 and we get (2.12) back. As in the trigonometric case we shall be interested in the eigenvalues and eigenfunctions of these operators
As a direct generalization of the results of [Neg1112] to K-theory lead to the following Conjecture 5.1. The solution of (5.2) is given by the K-theoretic holomorphic equivariant Euler characteristic of the affine Laumon space
where q = (q 1 , . . . , q n ) is a string of C × -valued coordinates on the maximal torus of L aff d . The eigenvalues E r are equivariant Chern characters of bundles Λ r W , where W is the constant bundle of the corresponding ADHM space. In other words they have the following form
where e r are symmetric functions of the equivariant parameters a 1 , . . . , a N .
The K-theoretic equivariant pushforward (5.3), as in say (2.7), has not been defined yet for non-hyperKähler spaces. We hope that this will be done in the near future which will enable us to prove the Conjecture.
The affine Laumon space provides a generalization for the ADHM moduli space, in fact the former can be obtained by a certain quotient of the latter by Z n . The so-called chainsaw quiver provides all necessary data for equivariant localization computations on L aff d . The fixed points of the maximal torus of L aff d are parameterized by an n-tuple of Young tableaux µ = (µ 1 , . . . , µ n ). The integrals in (5.3) can be computed using localization and the resulting expression is an infinite sum over all sectors labelled by k l ( µ)
In the limit when the parabolic structure is removed (5.3) is expected to reproduced the well known Euler characteristic of M N (Nekrasov instanton partition function) Thus we can impose the following (5.6) p = q 1 · · · · · q n , where p counts the degrees of sheaves in the standard ADHM localization computation. We can use the above equation in order to eliminate one of q i variables. In [BKK15] the Conjecture 5.1 was verified in several orders in p.
Using the above observations we can think of (5.5) as a Laurent series in q 1 , . . . , q n−1 . Indeed, if we express q n in using (5.6) we shall get a series in all positive and negative powers of q 1 , . . . , q n−1 and in nonnegative powers of p. In the limit p → 0 (or constant term in p in the above Laurent series) formula (5.5) describes holomorphic Euler characteristic of the finite 9 Laumon space, and, as we have proven above, the resulting function is the eigenfunction of tRS Hamiltonians. It is easy to see that at p = 0 we get a Taylor series is q i parameters. The chainsaw quiver is replaced by a handsaw quiver for the Laumon space (see e.g. [FR1009] ).
We can formulate a corollary form Conjecture 5.1
Corollary 5.2. The equivariant K-theoretic Euler characteristic of the Laumon space coincides with the vertex function coefficient (2.10) for trivial class in K T (X n ).
Proof. To prove one computes the equivariant character of the universal bundle over the Laumon space in terms of variables q 1 , . . . , q n−1 which are then identified with quantum parameters z 1 , . . . , z n in (2.8).
According to Sec. 2 once condition (2.25) is satisfied the coefficient vertex function of X n truncates to the corresponding Macdonald polynomial. Based on the above discussion we conclude that generating function (5.5) after imposing (2.25) will become a Laurent series plus this Macdonald polynomial. Also the Laurent part is uniquely fixed by this condition. Therefore functions Z under (2.25) for all possible Young tableau λ span Hilbert space which is isomorphic to H n , but has a different scalar product due to the presence of additional series in p.
eRS Eigenvalues.
One can perform the localization computation to compute (5.4) (see [BKK15, KS18] ). The first several terms for the eigenvalues of E 1 look as follows
5.3. Quantum Multiplication in K q, (Hilb). Okounkov and Smirnov [OS1602] studied the operator of quantum multiplication M L by line bundle L for an arbitrary Nakajima quiver variety X. This operator enters the quantum difference equation of the form
which is solved by a flat q-difference connection on functions of quantum parameter z with values in K T (X). The authors study stable envelopes which can be represented as real slopes inside the second cohomology s ∈ H 2 (X, R). They experience a jump when s crosses a rational wall in H 2 (X, R). One considers all alcoves with respect to affine hyperplane 9 non affine reflections for quantum Weyl group acting on K T (X). Then one can take a path from the base alcove to another one and each time we cross a wall labelled by rational slope w α and define (5.9)
It can be shown that the answer is path independent. In the example of Hilb k the H 2 (X, R) lattice is one-dimensional.
Operator M L corresponds to the quantum multiplication by Λ k V in K q, (Hilb k ). In order to find multiplications by Λ l V , 1 ≤ l < k one needs to make certain generalizations to [OS1602] .
Using results of [PSZ1612] and [Smi1612] , we can formulate the following statement. where a l are parameters from (4.4).
The above equations can be obtained from studying saddle point behavior of the vertex function of K q, (M N,k ).
In particular, the eigenvalue of the multiplication by M in [OS1602] is given by s 1 · · · s k , where the Bethe roots solve the above equations and are thus functions of all equivariant parameters and quantum parameter p.
Bethe equations (5.10) can be easily reconstructed from a slight generalization of the ADHM quiver Fig. 1 with three oriented loops (instead of usual two). It may be more convenient at this stage to make change of variables (4.21) and treat parameters t 1 , t 2 , t 3 democratically.
The above Bethe equations arise as derivatives of the so-called Yang-Yang function and read (5.11) exp ∂W ADHM ∂s a = 1 .
Classical Limit.
We can see that when z = 0 equations (5.10) reduce to (5.12) k b=1 b =a (s a − t 1 s b )(s a − t 2 s b )(s a − t 3 s b ) = 0 , a = 1, . . . , k , whose solutions provide the data for plane partitions of MacMahon modules of E which we have addressed earlier. Constant t 3 -slices of this partition reproduce symmetric functions from (4.13).
5.5. Main Conjecture. We have argued above that the eigenfunctions of the eRS model on discrete locus of equivariant parameters (4.4) span Hilbert space H nN . Using the results from [Sai13a, KS16] we can explicitly compute the eigenvalues (5.7) of the eRS operators using the oscillator formalism. They lead us to the following statement which conjectures the relationship between the eRS spectrum and quantum K-theory QK q, (M N ) of the moduli space of rank-N sheaves on a plane.
Conjecture 5.4. Let E (nN ) r , r = 1, . . . , nN be the eigenvalues of eRS Hamiltonians (5.1). Then the eigenvalues of the operators of quantum multiplication by the r-th skew powers Λ r U of the universal bundle over M N are in one-to-one correspondence with E (nN ) r . For r = 1 the relationship is is given by the following limit In other words, there is a stable n → ∞ limit of eRS energies which returns eigenvalues of the operator of quantum multiplication in M N . The function with ratios of infinite q-Pochammer symbols in the above formula corresponds to a U (1) character on the moduli space of torsion-free rank-nN sheaves.
We hope that this conjecture will be proven in the near future along the lines of [OPb] by Okounkov and Pandharipande. In was proven in [Sai13a] that (5.15) θ 1 ( x|p) θ 1 (x|p) = F (p) n∈Z x n 1 − p n , where F (p) is a known function. This observation can be used to compare term-by-term expansions of the eRS eigenproblem with integrals of the moduli spaces of genus zero quasimpas to M N . 5.6. Example. The first nontrivial example is M 2,1 = Hilb 2 . As we already discussed in the example after Proposition 3.5, there are two states with k = 2 corresponding to and tableaux. The eigenvalue of quantum multiplication by bundle Λ 2 U in QK q, (M 1 ) is as follows (5.16)
where Bethe roots satisfy the following equations (5.17) (s 1 − 1) (s 1 − q −1 −1 ) · (s 1 − qs 2 ) (s 1 − s 2 ) s 1 − q −1 −1 s 2 (s 1 − −1 s 2 ) (1 − q −1 s 1 ) (s 1 − q s 2 ) = p and the second equation with s 2 and s 1 interchanged. We can solve the above equations perturbatively in p and extract the value of E 2 as a series. It was verified in [KS18] that this expression is in agreement with the eRS energy according to (5.13).
Let us now find the eigenvalues of operator M on Hilb 2 (C 2 ). In this case it reads (see Sec 8.3.7 of [OS1602]) M = O(1)B 0 B 1/2 and its first eigenvalue has the following expansion in quantum parameter s 1 = t 1 − t 1 (t 1 + 1) (t 2 − 1) (t 1 t 2 − 1) t 1 − t 2 z + t 1 − (t 1 t 2 − 1) 3 t 1 − t 2 + t 1 t 2 (3t 1 t 2 − 1) − t 2 t 4 2 − 2t 2 2 + 2 t 4 1 − 2t 2 t 3 1 − 2t 4 2 − 4t 2 2 + 2 t 2 1 + 2t 3 2 t 1 − 2t 2 2 + 1 (t 1 − t 2 ) 3 z 2 + . . . , (5.18) while the second eigenvalue s 2 is given by replacing t 1 → t 2 . Both eigenvalues coincide individually with product s 1 s 2 , where s 1 and s 2 satisfy Bethe equations (5.17) contingent to t 1 = q, t 2 = and (5.14). 5.7. DT/PT/GW Correspondence. We would like to formulate the following conjecture for Hilbert schemes:
Conjecture 5.5. K-theoretic DT invariants on P 1 × C 2 are in one-to-one correspondence with quantum K-theory of Hilbert scheme of points (5.19) KDT (P 1 × C 2 ) ←→ QK T (Hilb) .
Similarly, for N > 1 there must be a generalization of [Dia0801] to K-theory relating higher rank Donaldson-Thomas invariants with ADHM moduli sheaves. More work needs to be done to properly define and prove this correspondence. For X 2 there are two tRS operators
By acting with these operators on the above function we get
where the first tRS class (classical tRS Hamiltonian, see [GK13, KPSZ1705] ) is given by 10 (A.4) T 1 (s) = ζ 1 − ζ 2 ζ 1 − ζ 2 s + ζ 2 − ζ 1 ζ 2 − ζ 1 a 1 a 2 s , 10 We abusing the notation by denoting by Tr both the tRS class and the operator. Hopefully this will not confuse the reader.
and is a linear combination of the tautological bundle V and its conjugate V * over X 2 with coefficients dependent on quantum parameter z = ζ 1 ζ 2 and the equivariant parameters. In order to prove that V (T 1 (s)) = (a 1 + a 2 )V (1) we shall use the following integral (see [NPZ1712] 
